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G> , §1. Introduction. 



In order to construct the inverse mapping of the period mapping for the primitive 
form for the semi- universal deformation of a simple elliptic singularity, K.Saito introduced 
CN \ in [5] the "flat structure" for the extended afRne root system. In section 3, we construct 
explicitly the flat theta invariants in the case of type Eq using the Jacobi form introduced 
by Wirthmiiller [7]. Combining the results of Kato [3], Noumi [4] (explicit description 



O ! of the flat coordinates ), this gives an answer to Jacobi's inversion problem (up to linear 
t-^ . isomorphism ) of this period mapping for a simple elliptic singularity of type Eq ( see also 



[6] ). The details will be published elsewhere. 



\2. Jacobi form. 



Oh! f)c is a (complexified) Cartan subalgebra for a fixed simple Lie algebra of rank /. 

^ : [)c:= Homc{\]c, C). : the set of coroots. W: Weyl group. Q{R"^): the Z-span of i?^. 

<, >: the Killing form normalized as < a, a >= 2 for the highest root a. 
^ ■ We identify f)c with 1)^ via <, >. A symmetric tensor 

is defined on H x f)^ x C 9 (r, z, t), where H := {r G C; Imr > 0}, Zi is an orthonormal 
basis of The symbol e{x) denotes exp{27T^/—lx). 

Definition 2.1. A Jacobi form of weight k and index m ( k,m E Z ) is a holomorphic 
function (f: 'H.x[)(jxC—>-C satisfying 

1) lp{t, z + a + jjLT, t — jjL, (1 > T— < jji, z >) = ip{T, z, t) foT any A, G Q{R'^), 

2) ip{T,w{z),t) = ip{T, z,t) for any WE W, 

3) (fi{T, z,t + a) = e{—ma)(fi{T, z, t) for any a G C. 

4; ^(fSJ.^.^+gf^t)=(c^ + rf)V(r,.,t)forany ^) g5L(2,Z), 
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5) (f has a Fourier series expansion of the form 

nez 

with (t)niz) = if n < 0. 

The vector space of all Jacobi forms of weight k and index m is denoted by Jk,m- Put 

(2-2) = Jk,mi — Jk,0- 

k,mez feez 

Theorem 2.2. ( WirthniiiUer [7] ) 

J** is a polynomial algebra over M^, freely generated by l + l Jacobi forms lpq, - ■ ■ ,ipi, 
where ipi is of weight ki and index mi (mo < mi < ■ ■ ■ < mi) (except for the case of 
type Eg). 

Proposition 2.3. 

For ip e Jfe,m and (j) e Jk',m', 

where r]{T) := q^l'^^ n^i(l ~ ^^'^-^ 9 = 
We take ip — = ipi. Then 

(2.4) V := /w^(rf(r7-2^V^), ^r^'^VO)/^"'''"''' 

is a Jacobi form of weight 2ki + 2 and index 2mi. Since J2,o = {0} by the basic theory of 
modular forms, any function multiplied by does not appear when is represented as 
a polynomial of (po, • ■ ■ ,(fii over M*. Also the Jacobi forms (po, ■ ■ ■ generate "the ring 
S^" [5, p.34, (4.3.3)] over r(H, On) [7]. This means that for the "codimension one case" 
(i.e. mi < m;, i = 0, ■ ■ ■ , / — 1) [5, p. 23, (2.4.2)], we can give "the normalized lowest degree 
vector field di" defined in [5, p.48, (9.4.1)] by 

^^•^^ d{^i=^y 

By this fact and Prop 2.3, wc can express "the tensor J* = dilw^^ [5, p.49, (9.6.1)] in 
terms of the Jacobi forms and the Dedekind rj function. 
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§3. Jacobi forms and fiat theta invariants of type Eq 



Theorem 3.1. ( WirthniuUer [7] ) For the Eq case, the ring J** is a polynomial algebra 
over on seven generators 

e Jo,i, (pi e J-2,1, ^2 e J -5,1, ^3 e J-Q,2, ^4 ^ J-8,2, ^5 ^ J-9,2, ^6 ^ -^-12,3- 

The existence of the above generators is shown by WirthmiiUer [7]. 
Proposition 3.2. These generators are unique under the following conditions. 

(3.1) lim ifo =l/2e{-t)[S{u;i) + S{iUe) + 90], 

q->0 

(3.2) lim <fi =l/2e{-t)[S{u}i) + S{oJe) - 54], 

(3.3) lim =e{-t)[S{uJi) - S{uje)], 

q^O 

(3.4) lim ips =e{-2t)[-3/2[S{u;3) + Siu^)] - 27S{u;2) + 7/8[S{u;if + S{u;ef] 

q->0 

+ l/ASMSioje) + 30[5(a;i) + S{oje)] - 486], 

(3.5) lim <fi4 =ei-2t)[-6[Siu3) + 8(^5)] + 368(^2) + 3/2[8{u;if + 8{i0ef] 

q->0 

+ S{ui)S{lj6) - 60[S{loi) + SM] + 324], 

(3.6) lim ^5 =e{-2t)[6[8{u;3) - 8{u;5)] - [8{u;if - 8{u;ef] - 42[8{u;i) - 8{u;e)]], 

q->0 

(3.7) lim (^6 =e{-3t)[1088{uj^) - 324,5 (a;2) - 548{uj2)[8{ui) + 8{uje)] 

q^O 

- 27/2[S{ui)S{us) + SMSM] - 9/2[S{ui)Siiv^) + SiiJs)Siue)] 

- 162[5(a;3) + ^(^5)] + 15[S{iVif + S{uef] 

-iisiuji)SM[S{uji) + sM] 

- lQ20[S{uji) + SM] - 666[8{u;if + 8{u;Gf] 
+ 18368{uji)8{uj6) - 1944], 

where uJk is a fundamental weight (see Bourbaki [1]), 

(3.8) 8{uJk) ■■= e{w-ujk), 

wew/ isotropy subgroup of 

and e{u!k) is a function e{u}k) - he ^ ^ defined by 

(3.9) 2; I— > e(< 2;, a;fe >). 
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Theorem 3.3. Let be the functions satisfying the following relations: 



(3.10) <fo = F['n^Qo + F^r)^ei, 

(3.11) (^1 =Fir/'eo + F2r7'ei, 

(3.12) <f2 = r/'e2, 

(3.13) (^3 = i^3^'03 + i^ir7'e4 - ^^{Gs'fl - 2Glifoifii + G2Gs^l), 

(3.14) = i^sr/'ea + F^r]''e4 + ^iG2<fl - 2Gs<fo<fi + Gl<f>l), 

(3.15) (^5 = -2/377295, 

(3.16) ^6 = ;r^^^6 



+ 



1 



+ 



123 
1 



126 
wiere 



-QG^ifiQipz + 3/2G2</'oV'4 + 6G2V'i(/P3 - 2>/2G2G2,ipiipA 



(3.17) (p :=r] ^'"'cp for ip e Jfe,,^^, 

(3.18) G2 :=(47rV3)-^^2(T) = (47rV3)-^60 J] 



m,neZ,(m,n)/(0,0) 



7 ^ V4 ^ "^4,05 



(3.19) ^3 :=(87rV27)-i^3(T) = (87rV27)-h40 



m,n€Z,(m,n)7^(0,0) 



(mr + n)6 



(3.20) :=e6 - 2^[eoe3 + 6164 + 6265], 

V 

(3.21) F; :=^r7-4^ (z = 1,2), := 



(3.22) Fr.=Mz{r)) {z{r) 



1 



27ry^ dr 

27 ^73(r) ^ ^' 



(^ = 3,4), 



1 (27r)6?7(T) 
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fi{z) and f2{z) are solutions of Gauss' hypergeometric equation 

d^fiz) , ,2 4 df{z) , 5 



(3.23) 



73(2) and /4(-s) are solutions of Gauss' hypergeometric equation 

d^iz) , ,2 4 ^df{z) , 1 



(3.24) 



satisfying 
(3.25) 



Fi F2 



F3 
Fa 



1 A>2 
12 '-^2 
J_ 
L 12' 



G2 



Then the functions 0j are fiat theta invariants [5] and satisfy the following identity: 



(3.26) 



(-27r^^)2 d06 

























1\ 
















1 




























1 




























1 










1 




























1 




























1 
















\1 




















0/ 


{i, 3 = 




1,0, 
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In the proof of Theorem 3.3, we use the foUowing fact: 
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(3.27) 
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27rv/^ 


3G2<^i 


2(^0 



(-27rV^)2 d^Q 




d ~ 

Iw{difi,d(fj) 














1 /^2 
12*^2 



\G2^1 
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1^2 
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3G2<^i 


A(pl +\G2(PA 
4(^3 





\ 



+ \G2^A 4^3 

(*,i = -1,0, •••,6, (p-i :=t). 
Remark. From the above results, we obtain that 



where Aq, Ai and Kq are fundamental weights of level 1 of Eq'^ type afUne Lie algebra, 
Xa is a normalized character of E^^ type ( see [2, p. 226] ). 
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